RUBIO DE FRANCIA'S EXTRAPOLATION THEORY: 
ESTIMATES FOR THE DISTRIBUTION FUNCTION 



MARIA J. CARRO*, JAVIER SORIA*, AND RODOLFO H. TORRES** 

Abstract. Let T be an arbitrary operator bounded from L Po (w) into L Po >°°(w) 
for every weight w in the Muckenhoupt class A po . It is proved in this article 
that the distribution function of Tf with respect to any weight u can be es- 
sentially majorized by the distribution function of Mf with respect to u (plus 
an integral term easy to control) . As a consequence, well-known extrapolation 
results, including results in a multilinear setting, can be obtained with very 
simple proofs. New applications in extrapolation for two-weight problems and 
estimates on rearrangement invariant spaces are established too. 



1. Introduction 

In 1984, J.L. Rubio de Francia [25] proved that if T is a sublinear operator such 
that T is bounded on L r (w) for every w in the Muckenhoupt class A r (r > 1) 
with constant only depending on 

1 f \ ( 1 f -i/ ( r-i) X ' 



where the supremum is taken over all cubes Q, then for every 1 < p < oo, T 
is bounded on L p (w) for every w G A p with constant only depending on ||w||a p - 
Since then, many interesting papers concerning this topic have been published 
(see for example [12], [9] [10]). From those results, it is now known that, in fact, 
the operator T plays no role. That is, if (/, g) are two functions such that for 
some Pq > 1, 



g P0 (x)w(x)dx < C / f P0 (x)w(x)dx, (1.1) 
for every w G A po , with C depending on ||w||a po , then for every 1 < p < oo 

g p (x)w(x)dx < C I f p (x)w(x)dx, 



for every w £ A p and C depending on From here it follows, for example, 

the so-called weak type version of Rubio de Francia theorem; that is, if T is an 
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operator such that T is bounded from L r (w) into L r,oc (w) for every w in the 
Muckenhoupt class A r (r > 1), with constant only depending on ||w|U r , then 
T is bounded from L p (w) into L p,oc (w) for every w G A p , with constant only 
depending on 

We want to emphasize here that the classical situation is to extrapolate from 
a strong-type estimate to a strong-type estimate, while the main applications in 
this paper are to extrapolate from a weak-type estimate to a weak-type estimate. 
However, we recover the strong type boundedness, as in the classical case, by 
interpolation. 

The extrapolation theory has also been generalized to the case of weights in 
Aoo = U p> iA p , and many consequences have been derived from them. 

In fact, the reason why an inequality of the form (11.11) is so interesting is 
because there are many important operators T in Harmonic Analysis and Partial 
Differential Equations, such as the Hardy-Littlewood maximal operator, singular 
integrals, commutators, etc., satisfying that 



is bounded for every u G A p , and hence the pair (/, Tf) satisfies (11. ip for every 
/ and every u G A p . Also, if M is the Hardy-Littlewood maximal operator and 
T is a Calderon-Zygmund operator, it is known (see [HE]) that 



for every u G A^, and hence the couple (Mf,Tf) satisfies (11. ip for every / and 
every u G A^. 

Moreover, since the class of weights in the Muckenhoupt class is so large, an 
inequality of the form (II. ip contains a lot of information which can be applied to 
obtain the boundedness in many other function spaces, as it has been recently 
shown in [T2]. The main results in that paper deal with the boundedness on re- 
arrangement invariant spaces (with or without weights) and since in these spaces 
one has to measure essentially the level set {x; g(x) > y}, it is quite natural to ask 
if there is some connection between the distribution function of g, with respect 
to any measure, and the function /. 

The goal of this paper is to prove this connection. In fact, as was mentioned 
before, we start with a weaker condition than (II. ip . which is more natural for 
our purpose, namely 



for every u G A po (we will also consider the cases u G A^ or u G Ai), with 
ip a function locally bounded; that is, ip satisfies that, for every M, Cm = 

SUPo< t <M <P(t)< OO. 

This condition is the standard one in all the results concerning extrapolation 
and it will be assumed all over the paper (see, for example, |16j). 



T : L p (u) 



L p (u) 




<7||2*>.<»(«) < ¥(\\u\\A PO )\\f\\LPO(u), 
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With these estimates (see (12. 2p . (12. 3p . and (12. 4p ) we can prove the weak type 
version of Rubio de Francia's extrapolation results and many others, including 
new boundedness properties of operators on different kind of spaces. Also, we 
can deduce the boundedness of operators for two weights even in the off-diagonal 
case. We do not pretend to give new proofs of all the results already known in 
the literature, but we shall emphasize those that, as far we are concerned, are 
new or whose proofs are much shorter. In particular, our proof of the classical 
Rubio de Francia's extrapolation is shorter than previous ones because it is the 
same proof for every p; that is, we do not need to make a difference between the 
cases p < po and p > p . 

We shall use the Hardy-Littlewood maximal operator 



and, for each < \i < 1, M fl f(x) = yM{f l ^){x)j (usually, in the literature, 

this operator is denoted as M 1 / fl ). The distribution function of g, with respect 
to a positive locally integrable function u, is denoted by 



We refer to [2J for other definitions and results concerning distribution functions, 
the decreasing rearrangement function /* and rearrangement invariant spaces, 
and to [12] for well-known results on weights and boundedness of operators in 
weighted Lebesgue spaces. The notation A < B will denote an inequality of 
the form A < CB, where the constant C is independent of the fundamental 
parameters in A and B. 

Acknowledgement: We want to thank Javier Duoandikoetxea for many useful 
comments and remarks which have improved the final version of the paper. In 
particular, he brought to our attention papers [21] and [22], and we owe him 
Remark 13.61 



In all the results that follow, we may assume, without loss of generality and 
by a simple approximation argument, that g is a bounded function with com- 
pact support: just take gisf(x) = g(x)X{xeB(o,N);\g(x)\<N} an d then make N — > oo 
(Fatou's lemma gives the result). Observe that under these hypothesis: 



2.1. Classical case. 

Theorem 2.1. Let f and g be two positive functions such that, for every w G A. 
with 1 < po < oo, we have that 




K(y) = u({x;g(x) > y}). 



2. Main results on distribution functions 



X^(y) < oo, for all y > 0. 



(2.1) 




(2.2) 
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with ip a locally bounded function. Then, for every < a < p^—l, every < \i < 1 
and every positive locally integrable function u 

K(y) £ x M f (y) + [ f po - a (x)M,(u X{g>y} )(x)dx. 

y jR n 

Proof. For every a > 0, 

X u g (y) < X u Mf (y) + u({x; g(x) > y, Mf(x) < y}) 

1 



x Mf(y) + — y po / 

y m J{g(x)>y,Mf(x)<y} 



V P0 J{g(x)>y}\Mf(x)J 

< Kifiy) + 7^y P ° I . (Mf(x))- a M,(u X{9 > y} )(x)dx. 



y J {g(x)>y} 

Now, if M ll {ux{ g >y}){x) = oo in a set of positive measure, the result is trivial. 
Otherwise, if a < po — 1, then v(x) = (Mf(x))~ a M fl (uX{ g > y })(x) G A Po , with 



i,. ^ I Po — 1 — a ] jz- 5 an d hence we can apply the hypothesis to get 



1 

yf 



Wv) £ X Mf(y) + ^L f P0 (x)(Mf(x)r a M,(u X{g > y} )(x)dx 



< Ki f (y) + ^[ F°~ a (x)M,(u X{g>y} )(x)dx. 
y F jR n 

□ 

The next result will allow us to include the case p$ = 1 and a = po — 1 in the 
previous theorem. 

Theorem 2.2. Let f and g be two positive functions such that ( QQ| ) holds for 
every w G A Po , for some 1 < po < oo. Then, for every < fi < 1, every 
< 5 < 1, and every positive locally integrable function u 

AH(y) < c P0 \ u Msf (y) + - f f(x)M^(u X{g>y} )(x)dx, (2.3) 

y jR n 

where c po = 1 if p > 1 and if p = 1. 

Proof. If po > 1 the proof is completely similar to the previous one, except that 
now we work with Ms instead of M and hence we can take a — po — 1. 
On the other hand, if po — 1, then 

= >2/}) < - / ^("Xfps})!^)^ 

y ^{ 9 (^)>j/} 



< / /(x)M At (ux{ 9>?; })(a;)cia;. 
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□ 

As mentioned in the introduction, there are also extrapolation results for Aoo 
weights. In this case, we have a similar estimate for the distribution function in 
which the parameter a can be taken up to the value Pq. 

Theorem 2.3. Let f and g be two positive functions such that (TJS^ holds for 
every w G A^. Then, for every < a < p , every < fi < 1, every r > 0, and 
every positive locally integrable function u, 

^ u 9 (y)<Ki rf (y) + ^— [ f p °- a (x)M,(u X{a>y} )(x)dx. (2.4) 

y jr" 

Proof. In this case the weight v(x) = (M r f(x))~ a M fJL {ux{ g > y })(x) G A^, for 
every a > 0, and ||f |Uoo ~ C r ^ a . Hence we get easily the result as in the proof 
of Theorem EH ' ~ □ 

The hypothesis of Theorem 12.31 is satisfied by the following couples: 

(i) (Mf,Tf), with T any Calderon-Zygmund operator (see [7J[8]). 

(ii) (M 2 f, C b f), where M 2 is the second iteration of M, C b f(x) = T{bf){x) - 
bTf(x) is the commutator of any Calderon-Zygmund operator T, and 
b G BMO. Similarly for the higher order commutator (M m+1 f,C™f) 
(see [23]). 

(iii) (M a f, I a f), with M a the fractional maximal operator and I a the fractional 
integral, with < a < n and n is the dimension (see [2"0]). 

In fact, if the function / in the previous theorem satisfies that, for some < 
< 1, f p G A u then the term \ u Mr! (y) in (ET31) can be substituted by Xi{y). This 
observation can be applied to the couple of example (i) to obtain the following 
result. 

Corollary 2.4. For every Calderon-Zygmund operator T, every < \i < 1 and 
every < q < oo, 

^T S (y)<Kif(y) + - q [ (Mfy(x)M,(u X{l Tf\>y } )(x)dx. 
y jR n 

All the previous expressions are very useful to prove the boundedness of T 
on several function spaces. Moreover, the fact that no condition is imposed on 
the function u allows us to obtain boundedness results for two weights and off- 
diagonal which, as far as we know, are new. 

2.2. Multilinear case. In this Section, we shall be dealing with extrapolation 
results for multilinear operators (see [17]). In fact, the operator T plays no role 
and hence everything could be formulated for a triple (/i, f2,g)- 

We shall give a distribution formula in the case 1 < p\ < P2, but a similar 
result can be proved if 1 < P2 < pi- 
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Theorem 2.5. Let T be an operator such that 

T : L P1 ( W1 ) x L P2 (w 2 ) — >• L p '°°(u;) 
is bounded, for every ui\ G A pi and every w 2 G A P2 , with 1 < pi < p 2 , 

111 p/pi p/'P2 

- = 1 , W — W\ W 2 ■ 

V V\ Vi 

Then, for every < /i < 1, every v G A 1} every U\, u 2 and u = u v ^u v 2 2 , we have 
that 

AT (/l! / 2 )(y) < ^M ph M ph (y) 



+ 



y 



p/pi 



)p/pi 



x / / 2 (x)«^^M /1 (,;-V^ 2 X{|T(/ 1 j 2 )|> 2/ })(^)^ 



P/P2 



where 



< p < I, s = (1 - p 2 ) (l - J) , ft J + 7l £ = ^, and /3 2 £ + 72 £ = ^ 



= = 1, #ien ^ = 1 and s = O.j 



Proof. Let g = T(/i, f 2 ). Then, for every a > 



A«(y) < A^ /lMp/2 (y) + u({x;g(x) > y, M P h{x)M p f 2 {x) < y}) 

u(x)dx 



- ^M P fiM p f 2 (y) + 



{g(x)>y,Mph(x)M p f 2 (x)<y} 



< x M P hM ph (y)+ I ( 

J{g(x)>y} V 



< A 



M P hM P h 



(y) 



+ 



>M P h{x)M p f 2 {x) 



v% (M,«4 2 X W )) PM (M,(rtWxb>,})) 



) u{x)dx 



P/P2 



J {g >y} 



{M P hY{M p f 2 y 



dx. 



Now, if we take a = 4-, we have that 



~ a P\ a a 

Vl (x) = (M p fi(x)) M p (wf u% 2 X{g>y} ) ( x ) e A Pl , 
and also by definition of s, 

-apo 

u 2 (x) = (M p / 2 (x))— ^'^(rtWWW 

/ ~P2 i P2 \ l-p2 

= [(M p f 2 (x)y^v(x) M,(^ S <«?)(W)W 



*>2 



1— P2 



{M p f 2 (x)) p iv(x) p i M p (v s uJ 1 u 2 f2 X{g>y})( x ) G A P2 , 
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since clearly the weight between brackets is in A\. Hence, we can apply the 
hypothesis to get 



1 



+ 



p—a 



f^{x){M p h{x)) l -^M^M 2 X{ 9 >y}){x)dx 



p/p-L 



x / f^(x)(MJ 2 (x))^v s (x)M,(v-^ufx{ g >y})(x)dx 

from which the result follows. □ 

2.3. Two weights case. Concerning the boundedness of the Hardy-Littlewood 
maximal operator with two weights, it is known that, if p > 1, then 

M : L p (u) — ■* 

if and only if (u, v) G A p ; that is, 



p-i 

in,V)\\A = I 77^ / ^1(7777 / <0O, 



1 f \ f 1 

.... = " - 



\Q\Jq j\\q\ 

and that this condition is not sufficient for the strong boundedness. 
In fact (see [13j), it is very easy to see that the couple 

((Mw )w{~ p , WoiMw^-v) e A p , (2.5) 

for every locally integrable functions wq and wi, and hence if the A p condition 
were sufficient for the strong boundedness, we would have that, for every locally 
integrable w 

M/(x) p (Mw) 1 " p (x)(x) < f f{x) p w l - p {x)dx, 

which, taking w = f, would imply that M : L 1 — > L 1 , which is a contradiction. 

Observe that by changing, for example, uby w/||(w, v)\\a p we can always assume 
that ||(w,v)|U p = 1. 

In [2T], some extrapolation results were proved for weights (u,v) G A p . The 
distribution formula in this case is the following. 

Theorem 2.6. Let f and g be two positive functions such that, for some 1 < 
p < oo and for every (ui,u 2 ) G A Po , with \\(ui, u 2 )\\a Po = 1, 

IIs'IIlpo. 00 ^) < ||/||lpo( Ui )- 

Then, for every positive locally integrable function u, 

X u g (y) < c P0 \ u Mf (y) + - f f(x)M(u X{g > y} )(x)dx, (2.6) 

y Jm n 

and c Po = 1 if po > 1 and if po = 1 . 
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Proof. Using ( 12. 5 j) we have that if po > 1> 

A^(y) < M({x;M/(x)>y})+ M ({x;^(x)>y,M/(x)<y}) 

y ^ p °- 1 



< Ki f (y) + / 

aTJTZa I u X{g>y}( x )dx 



X 



Mf(x) 

< \« Mf (y) + »- I MfixY'^UX^y^dx 

y J{g(x)>y} 

< Ki f (y) + -[ f P0 (x)f(x) 1 - p °M(u X{g > y} )(x)d 

y Jr" 

= Kdf(y) + ~ I f{x)M{uX{g>y}){x)dx. 

y Jr" 

The case po = 1 is completely similar. □ 

3. Applications 

We use the estimates shown in Section [2] to give very direct proofs of some 
already known results, including the (weak type) Rubio de Francia's extrapolation 
theorem, and to prove new ones in the setting of two weights inequalities. 

3.1. Rubio de Francia's extrapolation results: 

Extrapolation for A p weights 

Theorem 3.1. Let f and g be two positive functions such that K2.2\) holds for 
some 1 < po < oo and for every w G A Po . Then, for every 1 < p < oo and every 
w G A p , 

\\g\\LP,°°(w) < Ciu|UI|i>(uj)- (3.1) 
Proof. Let us prove (13.1 ft by using Theorem [221 By (12. 3 j) we have, for u = w G A p , 

K(y) < K sf (y) + ~[ f(x)M fl (w X{g>y} )(x)dx 



y 



< *M ef (y) + ~( f f p wdx) /P ( [ M,{wx {g>y} yw l -v'dx^ 

y \ jR n / \ jR n 

Now, if w G A p , u! 1-p ' G A p / and hence, we can take < /i < 1 so that w 1 ^' G 
A^pi. Therefore, we can estimate the last term by 

M li {wx{ g >y}Y w 1 " 1 "' dx I ~ ( / w(x)dx 

/ \J{g>y} 

and thus, since there exists < 5 < 1 such that w G A$ p , 

Wv) $ ^11/11^) + ^ P \\fhnJy p [ ^ 

y y V J{g>y} 
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Then, 

y p ^(y) < \\f\\l P[w) + \\f\\Lv {w) {y p \ w g {y) 

from which it follows, recalling that we may assume g bounded with compact 
support and using (12.11) . that y\ g v (y) 1 l p < as we wanted to see. □ 

From Theorems 12.11 and 13.11 we have the following. 

Corollary 3.2. Let f and g satisfy 112. 2]) for every w G A po , with 1 < p < oo. 
Then, for every s > 1, every < p, < 1 and every locally integrable positive 
function u 

W < Ktf(v) + ~ s I f s (x)M,(u X{g >y } )(x)dx. (3.2) 

y Jr u 

We can also obtain a new boundedness result for two weights even in the off- 
diagonal case. 

Definition 3.3. Given < p, q < oo, we say that a pair of weights (it, v) G A m 
if 

M : U[u) — > L q '°°(v), 
and we say that (it, v) G S PA if 

M : L p {u) — > L q (v). 
If p = q we will write S p = S PtP . 

Remarks 3.4. Regarding conditions A p q and S p q , the following facts are known 
(seejU): 

(a) If (u,v) G A Pt g, then 
(a.l) u £ L 1 . ' 

(a.2) p > 1. 

(a. 3) If u = v, then p = q. 

(a.4) Wu^xqWlp'^WxqWl^v) < \Q\. 

(a. 5) The case p — 1 and q < 1 was characterized by Lai (see |18j). 

(b) If p < 1 and < g < oo, then v4 Pj(? = 0. 

(c) The condition {y l ~ q , u 1_p ) G S pq i^ p i was characterized by Sawyer in the 
range 1 < p < q < oo and \xq' > 1 (see [26]). 

(d) Other sufficient conditions for (u,v) G 5 P can be found in [23] . 

Theorem 3.5. Let / and g be two positive functions such that A2.2\) holds for 
some 1 < po < oo and every w G A Po; and let 1 < p, q < oo. // (it, 1>) G A^^q /or 
some < 5 < 1 and (i> 1_IJ , m 1_p ) G S pq ^ pp i for some < /i < 1, i/ien 

IMIz,8.°°(u) ^ ||/||lp(u)- 
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Proof. Since (u,v) G As Pt s q , it holds that 



Ki sf (y) 



^ ii" \lp(u) 

y q 



and since (v 1 ^w 1 p ') G S m '^ p i 

■ 1/p ' 

f(x)M IM (vX{ g>y })(x)dx < ||/||lp(„)( / M ll (vX{ g> y}Y'u l ~ p \x)dx 



< 



LP { u)X v M 1/q '. 



Then using (j2.3p we get the result. □ 

Remark 3.6. In the case p = q the previous result is trivial since, under the 
assumed hypothesis it can be proved that there exists s > 1 such that M : 
L p {u s ) — > L p {y s ) and hence (see p2|[TS]) there exists w G A p such that v < w < u. 

Theorem 3.7. Let f and g be two positive functions such that A2. ty) holds for 
some 1 < po < oo and every w G A Po , and let q < 1 < p and v G L l . If 

(a) (u,v) G Asp^q, for some < S < 1, and M^{v) G L p '(u l ~ p '), for some 
< fi < 1, 

or 

(b) (u, v) G A p ^q and there exists 1 < s < p such that M^yu) G Lp- s (u p ~ b ), 
for some < \i < 1, 

then 



\\9\\li>™{v) ^ ll/II^H- 

Proof. We only prove (a), since (b) follows similarly using Corollary 13.21 As 
before, we have that 

■ 1/p ' 

f{x)M ll (vx{g >y }){x)dx < \\f\\ L p(u){ I M fl (vx{g > y}) p 'u 1 ' p '{x)dx 
Now since q < 1, we have by hypothesis that 

sup / M^vxE) p 'u l ~ p \x)dx) v(E)^r 

/ r \ W i_2 

< / Mfj,(v) p v}~ p (x)dx J \\v\h 9 <oo 

and hence 

\ 1/p ' 

M,(v X{ g>y } ) p 'u 1 - p '(x)dx) < v({g > y}) V = A"(») — , 
and the result follows as in Theorem 13.51 □ 
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Remarks 3.8. 



(a) One can immediately see from the proof that the previous theorem holds 
for q — 1 without the hypothesis v G L 1 . 

(b) Observe that Theorem 13.11 is a particular case of Theorem 13.51 since if 
u = v G A p , the hypotheses of that theorem hold. 

If we consider the case when f = Xe-, then something more can be said since 
it is known (see [I]) that 

for every measurable set E if and only if 

v^UjQi) \Qi\ 

\ < max 7777, (3.3) 



V P (U^) ~ \e 3 \ 



u 

for every finite collection of pairwise disjoint cubes Qj and measurable sets Ej C 
Qj. We shall denote condition (I3.3P by (u,v) G R Ptg . 

Theorem 3.9. Let T be an operator such that 

T : L P0 {w) — > L P0 '°°(w), 

for every w G A po . Then, for every p > 1, 

\\TXf\\li-°°(v) < \\Xf\\lp(u)i 

for every measurable set F, if the following conditions hold: 

(a) Case 1 < q < 00: (u,v) satisfies (E3j) and for some < /i < 1, some 
s > 1 and every measurable sets E and F, 

M^(vx E )(x)dx < v{Ef-^u{F)i , 

F 

or (u, v) G Rs P ,8q for some < 5 < 1 and for some < fi < 1 and every 
measurable sets E and F, 



M^v XE )(x)dx < v{E)7 u {F)p. 
(b) Case q < \: v G L 1 and either (u, v) G R p , q and for some s > 1 

M^v)(x)dx <u(F)v, 
or (u, v) G Rs P ,Sq for some < 5 < 1 and 

M^v){x)dx<u{F)v. 
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Proof. Using formula ( 13. 2 j) with / = xf, we get 

At Xf (?/) ^ A" Mxf (2/) + — / M M (^x { |r XF |> l/ })(a;)rfx. 

2/ Jf 

Now to prove the first part of (a) we see that by (13. 3p . 

1 

y q 

and by hypothesis 



Ki XF (y) < -A F ) q/p 



M,{vX { \T XF \>y } ){x)dx < K XF {y) 1 ~ Slq < F ) SlP ■ 

JF 

Therefore, 

from which the result follows. 

For the second part of (a) we proceed as before but we now use formula ( 12. 3p . 
To prove (b) we proceed as in a) and we use that since v G L 1 and q < s, 

x v T XF (y) 1/q < y TxF (y) 1/s 

for every s > 1. 

□ 

Extrapolation for weights 

Our next theorem is the weak type extrapolation result for weights in A^, 
which can be found in 10 1. 



Theorem 3.10. Let f and g be two positive functions such that Ii2.2\) holds for 
every w G . Then, for every < p < oo and every w G Aoo we have that 

\\g\\LP'°°(w) < C«;||/|Up(w)- 

Proof. The proof follows using (12. 4p with r such that w G A rp . 

□ 

From this result we can conclude that under the hypothesis of Theorem 13.101 
we have that, for every s,r > 0, 

KM ^ Xurfiv) + r. I f s (x)M»(v X{9> y } )(x)dx, (3.4) 



yS 



and hence: 



Theorem 3.11. Let f and g be two positive functions such that h2. || ) holds for 
every w G A^, for some 1 < po < oo. Then, for every 1 < p < oo we have that 

\\g\\Li*°°(v) < ||/||lp(u), 

if (u, v) G Ap^ q and one the following condition holds: 
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^ q ^ p 

(a) there exists < s < min(p, q) such that (v i- s ,u p- s ) G for 
some < fi < 1, 

p | p 

(b) g < 1 and M M (t>) G Lp-i{u p ~ q ), for some < fi < 1. 

Proof, (a) follows as usual using (13.41) with r = 1 and (b) with r = 1 and s = 
g. □ 

Extrapolation for multilinear operators 

We give as an application the weak extrapolation result proved in [17]. In 
Section H] we shall give the strong-type version. 

Theorem 3.12. Let T be an operator such that, for some pi,P2 > 1 and 

1 1 1 
V Pi P2 

we have that 

T : L Pl { Wl ) x L P2 {w 2 ) — > L p '°°{w) 

is bounded for every ui\ G A Pl and every w 2 G A P2 , where w = u}{ 1 w P J P2 . Then, 
for every qi,q2 > I, 

1 1 i 1 q/h <?/<?2 

- = 1 , w = W[' W 2 

with wi G A qi and every w 2 G A q2 we have that 

T : L qi ( Wl ) x L q2 {w 2 ) — ► L 9 '°°(w) 

is bounded. 

Proof. We can assume, without loss of generality, that pi < p2 and also by 
truncating T(f 1: f 2 ) if necessary we can assume that, for every y > 0, 

x T(hj2)(y) < °°- 

The proof follows two steps. First, we see that the result is true for q\ = q 2 = p 2 
and then we extrapolate from this diagonal point to any other. We shall use the 
distribution formula of Theorem 12.51 

Let wi,w 2 G A P2 and w = wl^w^ 2 . Let us start by estimating 



f 1 (x)M )l (w'( 1 w^X{\T(f 1 j 2 )\>y})(x)dx 
< (f ff 2 Wl dx] /P2 ( [ M^(w^w§ 2 X{\T(f 1 j 2 )\>y})(x) p ' 2 wl~ p ' 2 dx' 

1—p' 1—p' 

Now, if w\ G A P2 , then w l 2 G A p > 2 and then w l 2 G A^j , for some < jj, < 1. 
Therefore, we can estimate the last term by 

iM 

w 1 {xf lP '^ 1 ^w 2 {xf^dx 

'{T(fi,f 2 )>y} 
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and hence we have to choose the parameters involved in such a way that 

P lP ' 2 + l-p' 2 = ^ P2P' 2 = \. (3.5) 
Now, we deal with the second term in Theorem 12. h\ 

/ 2 (x) P2 / pi t;(x) s M^(t;- s « X{ | r(/li/2) | >s/} )(x)^ 
i/pi 



< / f2(x) P2 W 2 (x)dx 



x( / u; 2 (a;) 1 -^ W ( a ;)^M /i ( W -X 1 ^2 72 X{|T(/ 1 ,/ 2 )|> 2/} )(x) p ^a; 



Since w 2 G A p2 , we have that there exist two weights in Ai such that w 2 = 
w 2 ~] P2 w 2)2 . Let us take v = w 2 ,i- Then, by definition of s in Theorem 12.51 

w 2 {x) l ~^v{x) s ^ = W2 , 1 (x) (1 - p2)(1 ^ ) W2 , 2 (x) 1 - p ^ 2 , 1 (x) sp 'i = w^xf^w^x), 

and consequently w 2 (x) 1 ~ Pl v(x) sp ' 1 G A^. Therefore, we can estimate the last 
term by 

i/pi 

w 2 {x) 1 -^w p ^ 1 w^ 2 dx ' 

' {\T{fuh)\>y} 
Hence, we have to choose 

Wi + 1 - P'l = \, 7iPi = \ (3-6) 
Since equations (13. 5 p and (13. 6 p are compatible with the fact that 



a P , P 1 

Pi l-7j— = o' 

Pi P2 2 



we obtain, by Theorem I2.5[ that 

1 / /* \ P1P2 / /* \ P1P2 i 2p 

+ ^\L ffwidx ) \L ffW2dx ) ™ 

from which we easily obtain, taking p sufficiently near 1 to have that w± G A PP1 
and w 2 G A PP2 , that 

T : L P2 { Wl ) x L P2 (w 2 ) — )• L P2 ^°°{w), 

is bounded and the first step is finished. 

Now, we have to extrapolate from the diagonal point {p 2 ,p 2 ) to any other point. 
In this case, we proceed exactly as before. In fact, this case is easier since the 
parameter s in Theorem 12.51 is zero. 

Taking now 
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Pl9l + 1 - 9l = — , P2?l = — 

91 92 

/ , , / 9 ,9 
7 2 g 2 + l-g 2 = — , 7i9 2 = — , 

92 9i 

we only have to see that these equations are compatible with the fact that, in 
this case, 

9j 

which is easy to see. □ 



Remark 3.13. From the above result and applying Theorem 12. 5[ we can deduce 
(taking pi = P2 = 2) that under the hypothesis of Theorem 13.121 we have that, 
for every < /x < 1, every m, w 2 and u = u^u^ 2 ' 



1 



yl/2 



where < p < 1, 



\ 1/2 

i — T ( / /i(x)M^(wf uf 2 Xdn/L/a)!^})^)^) ( 3 - 7 ) 
/ 2 (a;)M^«^ 2 X{|T(/ 1 ,/ 2 )|>j / })(x)rfx 



A ,7i & . 72 

= ^1, = Vo. 

2 2 2 2 



This formula is quite useful to obtain new results concerning the three weights 
problem for multilinear operators. We omit the proof since it follows the standard 
technique already developed in the linear case. 

Definition 3.14. We say that a triple of weights ( Uii U2'i u) G Ap lt p 2 if the oper- 
ator Af(/i,/ 2 ) = M(/i)M(/ 2 ) satisfies 

M : L Pl ( Ul ) x L P2 (u 2 ) — -> L p '°», 

where 1/p = 1/pi + l/p 2 - 

It is easy to see that, for example, if (uj,v) G then (wi,M 2 ;t>) G ^4 Pl ,p 2 - 

Theorem 3.15. Lei T be a multilinear operator satisfying the hypothesis of The- 
orem \3.fB and let qi,q 2 > 1. If (ui,u 2 ;v) G A pqitPg2 , for some < p < 1, and 

(v l ~ q ^Uj 9j ) G /or some < /x < 1 and j = 1,2, i7ien 

||T , (/l)/2)||i9.«'(t;) ^ ||/i||l91(«i)||/2||l92( U2 ), 

where 1/q = 1/qi + l/g 2 . 
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Proof. Taking in formula ( 13. 7ft . U\ = w 2 = v = u, va = — , we have that B± 
72 = 1, /?2 = 7i = and obtain: 

^T(hj 2 )(y) ~ ^ v M P hM P f 2 (y) 
1 

+ W 2 



f 1 (x)M fl (vx{\ T (f 1 j 2 )\>y})(x)dx 



x( f h(x)M fl (vx{\T(f 1 ,h)\>y})(x)dx) 
\ JR n J 

and we now proceed as in the linear case (see Theorem 13.51) . □ 

Extrapolation with two weights 

Using (12. 6 p we can prove the following result for two weights which also holds 
in the non-diagonal case, (see [21] for several results in the diagonal case p = q). 

Theorem 3.16. Let f and g be two positive functions satisfying the hypothesis 
of Theorem \2.bA Then, for every 1 < p, q < oo and every (u,v) G A P)Q such that 
{y l ~ q ,u l ~ p ) G S q i )P i, we have that 

IMU^O) < C||/||lph, 

with C depending on ||(w, f)IU P - 
Proof. Using ([H]), if (u,v) G A p>q , 

X v g (y) < X v Mf (y) + - [ f(x)M(v X{9>y} )(x)dx 



y Jr 

n\f\\r.vf..> 



, 1 1 

LP(u) \ -L 



y J y 



+ ~ ||/ 1 1 LP («) || M{vX{g>y}) || L p' {u l-v> ) 



from which the result follows. □ 

3.2. Boundedness of operators defined in Rearrangement Invariant Ba- 
nach Function Spaces (RIBFS) with weights. 

The results in this subsection are closely related to those proved in [12]. Our 
main contribution is that we will only assume that (12. 2p holds for every w G A po , 
which should be compared with the hypothesis made in [12] , where the couple of 
functions (/, g) satisfies (11.11) for every w G A^. 

Some standard definitions and notations on an rearrangement invariant space 
X (r.i. from now on), that we will need are the following (see [2j): X is the 
representation space such that \\f\\x = \\f*\\x, fx{t) = \\xe\\x is the fundamental 



17 

function of A, where E is any measurable set such that \E\ = t. X' is the associate 
space defined by 

\\f\\x> = sup / f(x)g(x)dx 
\\g\\x<i JR n 

Also, px and qx are the lower and upper Boyd-indices defined by 

,. log* log* 
px = hm — — , qx = hni 



*->oo log hx if) t->o+ log hx (t) 

where hx{t) is the norm in X of the dilation operator D t (f)(s) = f(s/t), < 
t < oo. It is easy to see that if X is a Banach space, then 

<Px(t)tp X '(t)Kit. (3.8) 

From formula ( 12. 3D we can also obtain results concerning the boundedness of 
operators on r.i. spaces with weights. To this end, given an RIBFS X let us 
recall that the Hardy-Littlewood maximal operator is bounded in X if and only 
if px > 1 (see [2j Theorem 5.17]). Also, recall that the Marcinkiewicz space is 
defined by 

ii/n Mx = su P r*(t)^(t). 

t>0 

It is proved in [19] that if A is a quasi-Banach rearrangement-invariant space 
with lower Boyd index px and upper Boyd index qx, and we define the operators 

/ 1 ft \ Vp 

s P f(t) = (j l risfds 

and 

1/9 



sr q f(t) = t- 1 '*(J 



then S : A — > A if and only if px > p and S* : A — > X if and only if < g. 

Let us now define f* to be the nonincreasing rearrangement of / with respect 
to the measure w(x) dx, and 

X(w) = {/; /; e A}. 
Then the following result follows (see [12J for related questions): 

Theorem 3.17. If f and g satisfy A2.fy) for every w G A po , then, for every 
RIBFS X such that 1 < p x < qx < oo ; and every w 6 A Px : 

\\9\\m x (w) ^ ||/|U(w), 

with constant depending on \\w\\a px - 

Proof. Since w G ^4 px , we have that w G A p for some p < px an d hence it is 
known (see [4]) that 

wy w (t)< (\ frjsyds^ 1/P 
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Now, using the result in [19] mentioned above, we have that since p < px 

\\Mf\\ x{w) <\\sj:\\ x <\\a\ x = \\f\\ x(w)] 

that is, 

M : X(w) — >■ X{w). 
By taking 8 sufficiently near 1 we have the same boundedness for Ms, and hence 

xio <r „-if \\f\\x(v >) 

A M s f(y) £ Vx I ~ 

To estimate the second term in (12.31) we use duality to conclude 

f(x)Mf,(wx{g >y })(x)dx < \\f\\x( w )\\w~ l M^{wx{g> y })\\x'( w )- 
Now we claim that 

Ww-'M^wx^Wx'M < Vx>{\ w g {y)), (3.9) 
and hence, using (13.81) . we get 



A"(y) < ^ 1 ( ±L f M J+-ll/IU(^(AJ(i/)) 



l 



-i/ iii iuh \ . i n ,,| Kjiy) 

from which it follows that 



y J 1 y UJ uXH 'M^(y)Y 



\\g\\M x (w) = sup ytpx(\g(y)) < 

as we wanted to see. 

To finish the proof we need to prove the claim (13 .9p . This will be a consequence 
of the following more general theorem. 

□ 

Theorem 3.18. For every RIBFS X such that 1 < px < qx < 00 an d every 
w G A Px , there exists < /i < 1, for which the operator T(g) = u> _1 M^w g) 
satisfies 

T : X'(w) — >X'{w). 

Proof. For simplicity, we shall give the proof for M instead of M M , but everything 
can be immediately checked for M M (where /i is chosen appropriately). 

First of all we observe that if w G A s , then w 1 ^ 3 ' G A 8 > and hence we have that 
T : L s \w) — y L s \w). 

Now, since w G A px , if q' Q > q x , then w G A g / and we can also take q[ < px 
such that w G A n 



Hence, we have that 



T : L qo (w) — ► L 90 (w) 
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and also 

T : L qi {w) — ► L qi (w). 

Then 

K(Tf,t;L Q0 (w),L qi (w)) < K(f,t;L go (w),L qi (w)), 
with K the Peetre K- functional (see [2J Definition 1.1]). Now, it is known that 

/ ptn-io \ l/q / poo \ 1/qi 

K(f,t,L*°(w),L>*(w)) » / +* U^^ 91ds 

\Jo / \Jtii-io 



(this is a consequence of [2[ Theorem 2.1]). Now, observe that, for every decreas- 
ing function h 

h(t)<S go h(t)+S* qi h(t), 
and hence, since px> > % and q\ > q x > = p' x 

\\Tf\\x'M = \\(Tf)ax><\\S qo (Tfy w + S* qi (Tf)*J xl 

< \\Sqofw + Sqjw\\x> < \\fw\\x' = \\f\\x>(w), 

as we wanted to see. □ 

Remark 3.19. Observe that from the above proof we have, in fact, that if 
u G A Po and po < Px < qx < Pi, then X(u) is an interpolation space between 
L po (u) and L pi (u) and hence, we could apply Rubio de Francia's extrapolation 
theorem to deduce the following stronger result (see also [TT]). 

Theorem 3.20. If T is a sublinear operator such that 

T : L Po (w) — > L po '°°(w), 

for every w G A po , then for every RIBFS X such that 1 < p x < qx < oo and 
every w G A px : 

T:X{w) — >X(w). 



3.3. Boundedness of operators in Rearrangement Invariant Spaces. 

In this Section we consider the case u — 1 and the goal is to prove the bound- 
edness on r.i. spaces for an operator T such that 

T : L P0 (w) — ► L Po '°°(uO, 
for every u> G A Po . Observe that, in this case, using (I3.2p and the fact that 



Mf*it)^- [ t f*(s)ds, 
1 Jo 
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we have that, for every s > 1, 



y Jo 



f(D'*(^,i)> 



(3.10) 



and also, by (12.3 



K(y) < \M,f(y) + - fV(t)min (^M, lYdt. 

y Jo \ i / 

The parameter s can be taken bigger than zero if we have the boundedness for 
every w G A^. 

Theorem 3.21. Let X be a quasi-Banach r.i. space satisfying that 
(i) <p x ,(t) < 



fx(t) ■ 



(li) There exists < 5 < 1 such that M 5 : X -»■ M°°(X) ; w/jere 

= supt^ x (A/(t)) = sup^x(s)/*(s). 

t>0 s>0 



(m^ There exists < fi < 1 such that 

1 



< 



X' 



Then, if (f,g) satisfies (TJTj|) /or some 1 < po < oo, we have that 



\g\\M°°(x) 



< 



X ■ 



Proof. By conditions (iii) and (i) we have that (the norms are taken with respect 
to the t variable): 







min(£,l) M 






X' 



X(0,s)(t) + X(»,oo(*) 



< 



and by (ii) \M s f(y) ~ "^Px \^y\ • Hence using formula H2 .31) we obtain that 
from which the result follows. 



y J y <px(\ g (y))' 



□ 



Remarks 3.22. 

(a) Conditions (i) and (iii) could be replaced by: 

(i') There exists < fi < 1 such that 



mm -, 1 



< 



t 



X' ~ (px(t)' 
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(b) Condition (iii) implies that (1 + t) _At G X', which is equivalent to the 
embedding n L 1 ^ 00 ) C X'. 

(c) Condition (i) always holds if X is Banach (see ( 13. 8j) ). 

Let us now consider the particular case of weighted Lorentz spaces (see [1]): 

r / roo \ 1/p 

A p H = /; = / f*(t)Mt)dt < oo 



with < p < oo. In this case 

M°°(X) = A»°» = <j /; Il/H^oo^) = su P r(0^ 1/p (t) < cx 

t>o 



with = f*w(s)ds. 

The boundedness of the Hardy-Littlewood maximal operator on the weighted 
Lorentz spaces was first characterized by M.A. Arino and B. Muckenhoupt in [1] 
by the condition that w G B p ; that is, 

Wit) -dt< f w{t)dt. 



In fact, the result holds true for every p > 0. 

This class of weights has many properties in common with the class A p . In 
particular, if w G B p , there exists e > such that w G B p _ £ . 

Another important condition for us proved in [27J is that, if p > 1, w G B p if 
and only if A p (w) is a Banach space. Also, several equivalent characterizations 
of Bp weights are given in [28J. 

Theorem 3.23. Let T be an operator such that 

T : L P0 {u) — ► L P0 '°°(m), 

for every u G A Po , with constant depending on \\u\\a p ■ If 

(a) 1 < p < oo, w G B p , W(oo) = oo and for some < p, < 1, 

[w®) am ) ~^w' (3 - u) 



or 

(b) < p < 1 and w satisfies that, for some < S < 1, W 1 / p (t) /t s is quasi- 
decreasing and for some < fj, < I, w l i p {t)/t l -» is quasi-increasing, 

then, 

T : A p {w) — )• A p '°°{w) 

is bounded. 
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Proof, (a) Since w G B p , we have that there exists ^ < 5 < 1 such that w G B$ p 
and hence Ms : A p (w) — > A p,oc (w) (see [1]); that is, condition (ii) on Theo- 
rem 13.211 is satisfied. Now, since w G B p , the space X = A p (w) is Banach and 
hence also condition (i) is satisfied. 

To study condition (iii) we need to use Sawyer's formula j2Z] and since W(oo) = 
oo, we have that 



1 + 7 )" 



X' 



sup 

n 



r°° /(*) m 
Jo (i + iy ai 



f Q °° fp(s)w(s)ds 

1 + t)l-/i _ 1 



1/p 



oo /S 



W(t) 



p' \ VP' 

w(t)dt 



Now, since w E B p (see [28]) we have that 



and by fIXTTj) 



oo /S 



:i + 



t\l-n 



W(t) 



w{t)dt < 



p' \ W 
w(t)dt 



W(t) 



w(t)dt 



wy p {t 



< 



oo / t i- M y 

\W{t)) 



w{t)dt 



i/p' 



< 

~ WVp(s) 



Therefore, condition (iii) is satisfied. 



(b) Set now < p < 1. Since by hypothesis — '* (t) is decreasing we have (see [6]) 
that 



<Px>(t) = ||x(o,t)||x' = sup 



min(r, t) 



r>o w{ r y/p wit) 1 /*' 

and hence condition (i) in the previous theorem holds. Now, since < 5 < 1 
and W 1 / p (t)/t 5 is quasi-decreasing, it is known that condition (ii) holds (see [1]). 
So, it remains to prove condition (iii): Let us consider /i such that W 1 / p (t)t^ 1 
is quasi-increasing. Then (see [6]): 



X' 



sup 

n 



Jo (i+|)M ar 



f Q °° p(s)w(s)ds 

1 + -) 1 -" - 1 



1/p 



sups TTr1 , . . 

r>0 WVp(r) 



< : 

~ W 1 Ip(s) 



as we wanted to see. 
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Remarks 3.24. 

(i) Given < \x < 1, set 



Q4(t) = f f -^ds 
Then, it is known (see [5]) that, for 1 < p < oo, 



J dec 

if and only if (13.111) holds if \x < 1 and if 



It turns out that this last condition together with w G -B p is necessary and 
sufficient for the boundedness on A p (w) of the Hilbert transform ([27]). 
(ii) If < p < 1, the condition that there exists fx such that W /1//p (t)t At_1 is 
quasi-increasing is equivalent to the fact that the operator 

i_ r^f(s) 

satisfies 



R, ■■ L p dec (w) L p '°°(w) 



To see this, observe that R^f is decreasing and hence, for every t > 0, 
sup — — s —— r = sup 



fi 



j °° fP(t)w(t)dt 



■ sup 



which is finite by the hypothesis assumed on w. 

Using now formula (I3.10P with s > 1 in the case of A p weights and s > in 
the case of A^ weights, we can also prove the following: 

Theorem 3.25. Let T be an operator such that 

T : L PQ {u) — > L po '°°(m) 

for every u G A po with constant depending on ||w||a Po - 
(a) If for some < it < 1 and some < r < p, 



mm ( 1, - 



< 8 W (3.12) 
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and wEB p ifl<p<oo or W l l p (t)/t is quasi- decreasing if p < 1, then 

T : A p (w) — ► A p '°°(w) 

is bounded. 

(b) If the hypothesis holds for every u G A^, the parameter r in (a) can be taken 
< r < oo to obtain the same conclusion. 

Proof. Let us take s = p/r in formula (13.101) . Then 



Uv) Z *M f (y) + - / /*(*) 



y° Jo 



< 



p 

Ap(w) 



+ 



y P y S 

and by hypothesis we have that 



Ap(w) 



mm 



mm 



from which the result follows. 



< 



p 

Ap(w) 



yP 



1 

+ — 

yS 



A fl (y) . 
t ' 



A r (iu)* 



Ap(jjj) 



□ 



Remark 3.26. Condition (I3.12p can be estimated as follows (see [3], [27J [5] ) . Let 

< s,r < oo, < fj, < 1. 
(i) If r > 1, 



mm 1, - 



A r («;)* 



+S 



w(t)dt 



w(t)dt 



l/r' 



fii) If r < 1, 



mil) j I, - 



max sup 



sup 



o<r<s WVP(ry.<%WV*(r) 



4. The strong-type case 
In the usual cases treated in the literature, the starting hypothesis is that 

||^||lpo(w) < C«||/||lpo( w ), (4.1) 

for every w G A po . We shall give in this Section very easy proofs of the classical 
Rubio de Francia's extrapolation result both in the linear and in the multilinear 
case (see [25] and [17] respectively): 



Theorem 4.1. If fl^. i| ) holds, for some po > 1 and all w G A Po , then for every 
p > 1 and every w G A p 

\\g\\LP(w) < Cui||/||lp(u>)- 
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Proof. Let w G A p . Then 

\g(x)\ p w(x)dx < / \Msf(x)\ p w(x)dx + / g(x) p w(x)dx 

J{M s f>g} J{M s f<g} 
< [ \M 5 f(x)\ p w(x)dx + [ g( X y(-PjL) P ° iv(x)dx 
= I + 11. 

The bound for / is clear. For the other term we have 

II < [ g(x) Pa (Msf)(x) 1 - po M^g p - 1 w)(x)dx, 

and since (Msf) 1 ~ po M /i (g p ~ 1 w) G A Po we can apply the hypothesis to get that 

II < [ fixy^Msf^xy-^M^g^w^dx 

< [ /(x)M^(/- 1 «;)(x)dx<||/|U P ( w )||M, 1 (/- 1 «;)|| i y K -y ) 

^ ll/IU^iiOlMliP^)) 

where \i is chosen sufficiently close to 1. Consequently, 

IbllxPH ~ II/IIlp(w) + \\f\\LP(w)\\g\\ P LP l w ), 
from which the result follows. □ 

Let us see now the multilinear version. 

Theorem 4.2. Let l/pi + l/p 2 = 1/p (I <Pi,P2), ^nd let (fi,f<2,g) be such that 
for every Uj G A Pj and u = u^ pl u^ P2 , 

1 1 9 1 1 LP (u) — C«i,«2 II /l II L p ^ (ui) LP2(u 2 )- 

Then, for every Wj G A Qj andw = w\ ' qi w 2 q2 , with l/qi + l/q 2 = 1/q (1 < qi,q 2 ), 

\\9\\li(u) — Cioi,«)2 II /l II Ln (wi) 11/211 

Proof. The proof is an extension of the above proof in the linear case together 
with the idea developed in Theorem 13. 121 for the weak case. 

Let us start assuming that p\ = p 2 = 2p and let Wj G A q . and w = w\ l w 2 2 . 
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/ \g(x)\ q w(x)dx 

< / (M 5 f 1 (x)M 5 f 2 (x)) q w(x)dx + / g(x) q w(x)dx 
J{M s hMsh>g} J{MshM s f 2 <g} 

pi— i 

< / (M s f 1 (x)M s f 2 (x))"w(x)dx+ [ g{xY[ 9 ^ ) * w(x)dx 
= I + 11 

Now, 



and since {Mshf-^M^gtw^wfc) G A P1 and ( y M s f 2 ) 1 - p2 M^g^wJ 1 w^) G A P2 
we can apply the hypothesis to get that, choosing the parameters f3j and jj as in 
Theorem 13.121 



\ 1/2 

x( / /f (.T)M (5 / 2 (x) 1 -^M /i (( 7 ^<0(x)dT 



< 



1 II Ln(wi) II ^ 2 IIl92(w 2 ) 11^ II Li\w) 2 ' 



Consequently, 



I . . < llf,ll?_ . .HfJI?_ . . +HfJlV 2 . .llfnllV 2 . .\\n\\l q \ > 



1 i 9 

£,«(«,) ~ II ll-/2||x«a(io 2 ) ll-/lllL3i(wi)ll^ 2 lli«2( m2 )liyili8H ' 

from which the boundedness we are looking for follows. 

Now, it remains to extrapolate from a general {p\ 1 p 2 ) to a point in the diagonal 
as it was done in the weak case. 

We can assume, without loss of generality, that p% < p 2 and let us extrapolate 
to the case q\ = q 2 = p 2 . Let Wj G A P2 and w = w^w!/ 2 . 
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\g{x)\ P2,2 w(x)dx < / (M s f 1 (x)M s f 2 (x)) P2/2 w(x)dx 

J{M 5 hM s h>g} 

+ / g(x) P2 ' 2 w(x)dx 

J{M s fxM s f 2 <g} 

< [ {M s f l {x)M s f 2 {x)) P2 ' 2 w{x)dx 

P 

+ [ g(x) P2/2 ( n r , 9 { X i Tl , Yw(x)dx 

= / + //. 

Now, let v G A\ and s — (1 — p 2 ) ^1 — as in Theorem 12.51 Then, 

f (l-Pl)p / (1-P2)P2 N p/p 2 sp 

// < / Wi)— (M,/ 2 )^T 

P2 P2 

x ( 5 1 w% 2 ) *T M M {y ~ s g *T wf wf ) % dx 

and since 

P2 

{Mshf-^M^w^) G A P1 

and 

(M 5 / 2 ) ( "^^M^ti^^^O G A p2 , 

we can apply the hypothesis to get that 

/ r P2 \ p / pi 

II < / / 1 (x)^(M (5 / 1 ) 1 - pi (^)M / ,(^^ W f 1 ^ 2 )(x)rfx 



x( / f2(x) P2 (Msf 2 ) 3 ^v s {x)M ll {v~ s g^wl 1 wf){x)dx 



P/P2 



f r P2 \P/Pl 

< / h(x)M^ w ^ 2 2 ){ x )dx\ 

ft V2 \P/P2 

x / /2 (x) P2/pi v s (x) M/j, (v^g^wj 1 wl 2 ) (x) dx J = Ih x II 2 . 

To estimate the first term we proceed as usual by duality and we get that if 

1 1 

/W 2 + 1 - P2 = 2> ^2 = 2 ' 

then 

PP2 



P2 _P_ _P_ 7- 

//l < \\fl\\^ {vn) \\M^V^W^)\\^ ^ < ll/iHSa^jHffll^, 
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PP'2 



and for the second term, if 

.1 . . 1 

7iPi = 2> 1 -Pi + 72Pi = -, 

we have, choosing v as in Theorem 13.121 that 

Lri (w 2 ) ^ \ w ) 

Consequently, 

p PP2 PP2 

||„||P2/2 < 11 f 11P2/2 || f || P2 /2 1 llfllPi IUII 2piP 2 II f IUH 2p2P 'i 

l|y|lLP2(«,) rO llil|lLP2(u, 1 )lli2|| L p 2 (u, 2 ) "T" llil|lLP2(t 02 )l|y|l i ^^^lli2|| Z/ P2( U , 2 )lli/|l L ^ ) 

from which the result follows. □ 
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